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1. Initial equations. If a body is acted upon by the gravity forces and
contains spinning masses (fly-wheels or liquid,circulating in multiply con-
nected cavities), then 1ts equations of motlon are those shown in [1] which
in the conventional notation [ 2] have the form

Ap" = (B —C) gr + Ayr — hgg + €373 — €372, T =2 — 9T
(123, ABC, pgr)
or 1in vector notation

X' = (x+ M Xo + eXy, Yy =yXo (1.1)
Using the lntegrals
@-x —ey=E, (x-+A)-y=F, yy=1? (1.2)
we can easlily transform them [ 3] into
e-[x" FoX{(x+NMN]=0 (1.3)
X + oxX x4+ B]-lex(s -+ N -+e(x+ 1) Yox—E) ==k
[X + oxX(x+ VWP (Y, 0-x —E)P=TI?
vy=(/s0-x — E) e [x 4+ @oX (x+ A)]xe

2. The ocne of the axes of the uniform rotation. Let the angular velo-
city vector e constant wlth respect to the body, w = const , then also
x = const and from (1.3)

e-[eX (x4¢AX)]=0 (2.1)

In Section 4 we shall investigate the case ©® = we, while here we assume
enar © 5= ve (2.2)
hence, by (2.1) x L h—ae - 3e 2.3)

where « and g are certain constants., Substituting (2.3) in (1.1), we
obtain
exy = f§ (@xe), or = pe + B (0 Xe)Xe
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We define the constant | from the last equation in (1.2) and obtain
v = (oXxe)xe + e VTZ — B2 [(0Xe) Xe]? (2.4)

showing that the vector y 1s also constant wilth respect to the body and by
(1.1) X0 =0 ., We conclude that the axis of rotation must be vertical

r
V=730 (2.5)
By (2.4) and (2.5) we have that
B + T/o) 0 = {Bo-e + VT2 — B% [(wxe) Xet} e

( B{ (2.2) this is only possible when B = — T'/w ; substituting this in
2.3),

we obtain
Xx$A=ao— ([/o)e, or ©X (x+ ) = (I/v) (exX®) (2.6)
Dot multiplying the last equation in (2.6) by A , we find
Ao xx)=(T/o)o-(h xe) (2.7)

In the coordinate system fixed in the body Equations (2.1) and (2,7)
determine surfaces whose intersection is the directrix curve of the cone of
axes of uniform rotation, When X\ - O this cone becomes the cone
e-(wxx)=0 (Staude[4]).

3. ZEquations of the ocone in the principal coordinate axes. We shall
write (2,1) and (2.7) in the form

(B —C)eygr + (C — A) egrp + (4 — B) e5pq +

4 (Agey — Ageg) p -+ ieg — Asey) g F (Mgey — Agey) r =0 3.1
[(B—=C)hgr+ € —~Dharp+ A—B)hspdl VEE+ £+ P+
+ [(hges — Agea) p+ (hoey — Aieg) g+ (heg —RAqye) 7l T =0 3.2
Both these surfaces are at the origin tangent to the plane
(Ages — Ayes) p -+ (Meg — Agey) ¢ + (hyey — Meg)r =0 (3.3)

The asymptotic cone of the surface (3.1) i1s the cone of Staude
(B—C)eygr+4 (C—A)yeyrp+ (A — B)egpg =0 (3 4)
The asymptotic cone of the surface (3.2) 1s described by Equation
B—~C)hgr+(C —A)hyrp+ (4 —B)A3pg =0

The form of the surface (3.1) is determined by

Ay Ay Ay
I, == eyeqe3 (B — C) (C — A) (A — B), IL,=1| & €3 €3 (3.5)
Aey Bey, Cey

When I,I, # 0 , then (3.1) becomes the equation of one sheet of a hyper=-
boloid; 1in the case when I,# O , T, = O becomes the equatlon of a cone;
when I, = O, but 71g# O, then (3.1) becomes the equation of a hyperbollc
paraboloid, and finaily when I, = O and JI,= O then (3.1) determines two
planes. In the case when A= \8 the plane (?.3) vanishes. In addition
both these planes colnclde with the cone (3.4).

Instead of (3.2) we can consider the surface
e _ B-=0 eyqr + (C — A) e;rp 4 (A — B) egpq
' (B—COMAgr+ (€ —A) hyrp+ (A —DB)Aypg

Let us consider the following method of investigating the cone of the
axes of uniform rotation . We shall set p = 0§, ¢ = 0, r= wf; Obviously

(3.6)
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82 + B2 + Egf = (3.7)
Equations {3.1) and (3.6) give
(Aaeg — Agea) B -+ (Agey — Ayeg) Eg + (Ayey — Agey) &y

© = B Z0) eyfals F € —A) 655 T (A —B) egtiks (3.8)
©= —T (B — C) exgzga -+ (€ — A) €z§a§1 + (4 — B) €3§1§2
(B —0) Mbaks F (€ — A) Aalgls + (A — B) AtyEs

Hence

[(B —C) e)8sks + (C — A) eafsy -+ (A4 — B) egf 51T +
+ [(B —C) Mgzgs + (€ — A4) kz&x&x + (4 — B) }”aglgz] { (Afaea — }"392) §1 - (3.9
4+ (Raey — Meg) B + (hyeg — Agep) Ed =0

Equation (3.9) determines on the unit sphere (3.7) the line of intersec-
tion of this gphere with the cone of the axes of uniform rotation (*).

We shall show a coordinate system which can be useful in the investigation
of cones of the axes of permanent rotation. The unlt vectors of this system
are

e X A (e X A) Xe
9 == X ’ 92 == &, 93 = —“—7\._-—
Let x Dbe the angle between e and L , then
h = A (95 005 % + 8y sin %) (3.10)

We shall substitute (3.10)and the vectors
© = 0,8 +©38; + B8, X = Ty T ¥y 1 Ty
(vesides z; = A 0y $ Ao, + A;309 in (2.1) and (2.7)
(Ass — Ay) 0,03 + Asi (02 — OF) + A0, 0y — Ap®a05 — Awy sinx = 0

[(Age — A1) 010, + Ay (0,2 — 057 + Ag®y 03 — Ap0y05 —
— Moy cosx] Vo2 of +og+ o, =0

4. The speoial oase ©® =we. In this case by (1.1) we have
y=ae-+te (x-+ A 4.1)

The quantity o is determined from (1.2)
a? 4 2ame-(x + A) +o? (x -+ A2 =I?
and is constant. Consequently the vector y 1is a constant and In this

case we have y=Te . Hence by (4.1) we have x< A =ve, or in terms of
the principal axes

wAde; — Ve, + Ay =0 (ABC, 123) (4.2)
Eliminating w and v , we find that J,= O , where 71y 18 given by

5).

In the general case this condition means that a uniform rotation of a

*) For the case w = const V,N.Drofa [5] introduced a redundant requirement
that the coefficlents of the corresponding equations should be proportionsal.
Conseqguently, he concluded erroneously that a heavy gyrostat has in a gene~-
ral ca:etonly one axis of uniform rotation. A, Anchev [6 and 7] made the
same mistake.
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body about an axls through the center of gravity is possible under the condi-
tion that the vector A\ 1s in the plane of the axis of rotation and of the
normal to the elllpsoid of inertia passing through the poilnt of intersection
of the ellpsold with the axis of rotation. In particular, if the center of
gravity is in one of the principal axes e ;= e,;= O , then by (4.2) we have
Az= Ag= O , which means that the vector A should be directed along this
principal axls, The magnitude of the angular velocity can be in this case
completely arditrary.
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